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Introduction

HE use of streamlines or particle traces can be very

helpful in understanding the complicated flow patterns
that result from vortical flows.! Such traces represent a tra-
jectory integration through a given velocity field. For our in-
terests, the velocity field is created from a computational
simulation, but it also could result from experimental
measurements. Trajectory integrations can be subject to
numerical error. Results are presented that show the effect of
step size and order of accuracy of the integration method on
the computation of vortical streamlines. A paper recently
presented by the authors® contained erroneous results regard-
ing streamline topologies for vortical flows. Corrected results
using a more accurate streamline integration are given here.

Model Problem

In order to assess the accuracy of different trajectory
calculations, a model set of equations is selected that has the
characteristics of a vortical flow. The hypothetical velocity
field

=—dt—=ax—by (la)
y

= = 1b

v=—p ay+bx (1b)

produces particle trajectories given by
x () =exp(at)[x, cosbt —y, sinbf] (2a)
y(1) =exp(at)[x, sinbt +y, cosbt] (2b)

where ¢ represents the distance along a trajectory. The model
is similar to a two-dimensional vortex of strength 27b and a
source of strength 2wa superposed at the origin, but without
the singular 1/r effect in the velocity field. The above solution
with a= -% and b=3 is shown in Fig. 1 for the domain
(IxI=1, lyl=1).

Numerical Integration

A trajectory integration scheme described below has been
tried for the model problem using both a first-order-accurate
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forward Euler and a second-order-accurate predictor-cor-
rector method. The calculations were done on a 25X 25 rec- -
tangular grid. It is assumed that discrete data are given for the

u,v velocity field at the nodes of the quadrilateral grid. Since
velocity components are needed at arbitrary points within each

cell, bilinear interpolation

u(x,y)=(a;+bx)(c; +dy)
=a,c;+bc;x+a,dy+bdxy (3a)
v(%y) = (@, +b,X) (c; +dyry)
=a,C, + bycyx+ aydyy + bydyxy (3b)

is used, where a,b,c,d are determined from the values at the
four corner points. (For a general nonorthogonal curvilinear
coordinate system, an isoparametric mapping is done from
physical x,y to computational £,7 where the bilinear interpola-
tion is applied.) It can be seen that the bilinear interpolation
formula creates a nonlinear function definition due to the
cross product xy. Thus, a step size smaller than the cell size
must be used for the trajectory to follow the local velocity
direction, particularly in a region of rapid variation such as
the spiral of Fig. 1.
The integration is carried out using the parametric
equations
dx=u dt, dy=vdt @)
Starting at a point, a line segment is drawn to a predicted point
a fraction As= UA¢ of the cell width, where U=max (u,v) of
the four corner values. With no correction step, a forward
Euler method results. For As=1, the results are shown in Fig.
2a. It can be seen that a limit line is reached, and the spiral
singularity is not resolved. For As=0.1, the limit line shrinks
to that shown in Fig. 2b. For the predictor-corrector versions,
the bilinear interpolation is used at the new point to obtain
predicted values of u,v, which are averaged with the initial
values to obtain a corrected position. Results for this are
shown in Figs. 2¢ (As=1.0) and 2d (As=0.1). For the larger
step size, an erratic behavior near the origin results, because

Fig. 1 Exact solution for particle trajectories given by Eq. (2).
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a) Forward Euler As=1.0

e

¢) Predictor corrector As=1.0

b) Forward Euler As=0.1

I

Fig. 3 Conical streamlines for leading-edge vortex on a 75-deg swept
flat plate delta wing, o =10 deg, M_ =1.3—forward Euler As=1.0.

the velocity directions change drastically across the cell. For
step sizes a fraction of the cell size, acceptable results are ob-
tained with the predictor-corrector, and they agree quite well
with the exact solution (Fig. 1).

Conical Streamlines

A number of papers by the authors has displayed the
limiting line behavior. This was a result of using a streamline

d) Predictor corrector As=0.1
Fig. 2 Particle trajectories.

Fig. 4 Conical streamlines for leading-edge vortex on a 75-deg swept
flat plate delta wing, a=10 deg, M, =1.3—predictor-corrector
As=0.2.

integrator with a step size on the order of the cell size. To
avoid the erratic behavior near the center of the vortex, the
streamline integrator reverted to first order in that region.
Typical results using this approach for conical streamlines of a
leading-edge vortex generated by a flat plate delta wing with
75-deg leading-edge sweep at 10-deg angle of attack in a
M, =1.3 freestream are shown in Fig. 3. The results corre-
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spond to those presented in Ref. 5 wherein it was reported that
the vortex had a limiting line within which the steamlines
spiraled outward from the vortex center. Conical streamlines
for the same velocity field using a predictor-corrector method
with a step size of As=0.2 are shown in Fig. 4. It can be seen
that the streamlines spiral inward to the center with a small
void on the order of the step size. However, for some flow
conditions, even using the predictor-corrector method with
As=0.001 is not sufficient to obtain the spiral trajectory.* For
these cases, the radial velocity into the vortex center is just too
small compared to the circumferéntial velocity.

. Conclusions

The importance of step size and order of accuracy of the
steamline integration is demonstrated for a model problem
representing vortical flow. Results for a conical vortex show
the correct expected behavior when the more accurate method
is used, in contrast to erroneous results reported earlier.’
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Introduction

OPHISTICATED methods for méasuring the wall shear
stress in complex turbulent flows have been developed in
recent years, notably the floating-element technique,! the
pulsed-wire technique,? and the oil film laser interferometer of
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Monson.? The applicability of the techniques quoted is not
limited to flows with near-wall similarity of the mean velocity
profile, which is required for standard techniques such as the
Preston tube or Clauser chart that infer the skin friction from
measured velocities. In this Note, a modified version of the
laser interferometer method is reported as well as its ex-
perimental validation and application in two-dimensional, in-
compressible, turbulent boundary layers.

Measuring Technique

The laser interferometer technique records the changing
thickness with time of a thin oil film (less than 25um) that has
been applied to the wall surface at thé measuring position and
experiences the shear stress of thé external stream. Monson’s
method employs two laser beams, which are generated by an
interferometer flat and focused on the wall (Fig. 1a). Each
beam is partly reflected at both the surface of the oil film and
the wall, thereby generating interference patterns. By means
of suitable receiving optics, both reflected interfering beams
are focused on photodiodes, which monitor the time change of
the intensities; an example of the fringe time records is given in
Fig. 1b. Each crest interval corresponds to a change in oil-film
thickness by one laser wavelength.

In the present work, two modifications have been intro-
duced into Monson’s measuring system. Our experiments
were performed at a much larger focal length (1 m) than the
one used in Ref. 3. As a consequence, the intensity of the
beams reflected from the polished aluminum plate, which was
used as a wall surface, proved to be rather weak and yielded
noisy fringe time records. We succeeded in improving the
quality of the records (see Fig. 1b) by coating the wall with a
thin transparent plastic foil sprayed black on the back side.
This increased the beam intensity by a factor of three. Further-
more, we developed substantially simplified receiving optics,
which replaced the more complex beam splitter of Ref. 3; we
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Fig. 1a Schematic of dual-laser-beam skin-friction interferometer: 1)
He-Ne-laser with telescope; 2) interferometer flat; 3) mirror; 4) oil
film; 5, 6, 7) biconvex lenses; 8) photodiodes.

begin of
measurement

Fig. 1b Measured interferometer fringe time records, beam spacing S
mm; upper part: downstream beam.



